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A theorem of existence for t ~ ~ of integral manifolds of impulsive equations 
is proved under the assumption that the spectrum of the linear part of these 
equations may contain points lying in a neighborhood of the imaginary axis. 

1. I N T R O D U C T I O N  

Impulsive differential equations constitute a useful mathematical  
apparatus for the investigation of  evolutionary processes in science and 
technology. However, the mathematical  theory of these equations has 
developed rather slowly. This is due to the presence of such phenomena  as 
merging of solutions, dying of solutions, "beat ing,"  loss of  the property of  
autonomy, etc. 

The development of  the mathematical  theory of impulsive differential 
equations began with the work of Mil 'man and Myshkis (1960, 1963), while 
the work of  Bainov e t  al. (1988a, b; 1989) marked the beginning of  the 
mathematical  theory of the same equations in abstract spaces. The first 
monograph  dedicated to this subject was by Samoilenko and Perestyuk 
(1987). 

In the present paper  a theorem of the existence of integral manifolds 
bounded for t -~ + ~  for impulsive equations is proved under the assumption 
that the spectrum of the linear part  of  these equations may contain points 
lying in a neighborhood of  the imaginary axis. In Samoilenko and Perestyuk 
(1987) integral manifolds for t ~  or t ~ - c e  of  impulsive equations in 
finite-dimensional space were investigated under the strong assumption that 
the spectrum does not intersect the imaginary axis. 
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2 .  S T A T E M E N T  O F  T H E  P R O B L E M  

Let X be a complex Banach space with norm [1" [I- Consider the 
impulsive equation 

dx 
dt= Ax + F(t,x)],r (1) 

Axl,=,,=Bx(t,-O)+In(x(t,-O)) (n~Z) (2) 

the set of  all integers; Axl,=,=x(r+O)-x(z-O); where Z is 
F(t, x) : ( - ~ ,  ~ )  x X ~ X is a function which is continuous with respect to 
t for t ~  t, (n = 1 , 2 , 3 , . . . )  and with respect to x, and at the points t, 
(n = 1, 2, 3 , . . .  ) it has discontinuities of  the first kind and is continuous 
from the left; A, B : X ~ X are linear bounded operators; In : X ~ X (n c 7/) 
are continuous impulse operators; t, (n ~ 7/) are fixed moments of  impulse 
effect which satisfy the conditions 

�9 �9 �9 < t - 2  < t _ l  < tl  < t2 < �9 �9 � 9  l i m  t .  = •  ( 3 )  
t l  ~ ~ c o  

Definition 1. A solution of impulsive equation (1) with condition (2) 
is called a piecewise continuous function x(t) with discontinuities of  the 
first kind at the points t = t, (n = 1, 2, 3 , . . .  ) which for t ~ t, (n = 1, 2, 3 . . . .  ) 
satisfies equation (I)  and for t = t, satisfies the condition of a " jump"  (2). 

We say that condition H is satisfied if the following conditions hold: 
H1. Uniformly in t e ( - ~ ,  co) there exists the limit 

i(t, t+ T) 
lim - p < ~  
r ~  T 

where i(a, b) is the number  of  the points t, lying in the interval (a, b). 
H2. The operators A and B commute with each other and the operator  

I + B has a logarithm L,(I  + B) (I is the identity operator in the space X) .  
Set 

A = A(p, A, B) = A+pL,( I+ B) (4) 

Assume that the spectrum or(A) of the operator A admits an a decompo-  
sition, i.e., o-(A) can be decomposed into two spectral sets 

o-(A) = o-l(A) u o-2(A) 

so that for a > 0 the following inequalities are valid: 

IRe h i >  a for h ~ o-2(A ) 

IRe h [ < a  for h ~ oh(A ) 
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As usual (see, for instance, Daleckii and Krein, 1974) by P1, /92, XI, and 
X2 we shall denote the spectral projectors and the subspaces X1 and X2 
invariant with respect to A corresponding to the spectral sets os(A) and 
oh(A). Then 

X = X , @ X 2 ,  X ,=P,X (i = 1,2) 

Let A~ = P~A (i = 1, 2) and 

A*(a)=inf{lReA[: X eo'2(A)} 
(5) 

A,(a)=sup{]Reh[ :  h eo-l(A)} 

Then (see, for instance, Daleckii and Krein, 1974) for any 81 e (A,(a),  a) 
there exists a number N~ > 0 such that 

IleA'('-'~ll-< N1 e ~'1'-~1 (6) 

and for any ~2e (a, h*(a) )  there exists a number N2 such that 

[[p~ eA~('-~)[I<--N2e -~l'-'l ( t < z )  
(7) 

IlP;eA=('-~)ll<--N=e-~J'-'l (~'< t) 

where P~ are the spectral projectors of the operator A2 corresponding to 
the spectral sets o-~(A2) [o-:~(A2) are the parts of the spectrum o-(A2) = o-2(A) 
containing the spectral points of A2 with positive real part and negative 
real part, respectively]. 

Definition 2. An integral curve or trajectory of the solution x(t) of 
impulsive equation (1), (2) we shall call the set of points (t, x(t)) in the 
extended phase space (-0% oo) x X. 

Definition 3. An integral manifold of impulsive equation (1), (2) we 
shall call the set 371 c (-oo, co) x X which consists, of the integral curves of 
this equation. 

We shall investigate integral manifolds of impulsive equation (1), (2) 
which are described by equations of the form 

X 2 = @(t, X1) (8) 

with values in )(2 and defined for t e (-oo, oo) and x~ e X1. 

Definition 4. The function ~0(t, x~) defined in (8) is called a parametriz- 
ation of the respective integral manifold. 

By L we shall denote the linear space of all functions ~o(t, x~) : (-oo, oo) x 
X1 ~ X2 which with respect to their first argument are continuous for t ~ t,, 
at the points t = tn have discontinuities of the first kind and are continuous 
from the left, and with respect to their second argument satisfy the Lipschitz 
condition with a constant independent of t. 
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By L,  denote the subset of L consisting of all functions ~(t, x~) 
satisfying the condition 

II ~ (t, x I ) - -  ~ (t, X2)II ~ ~ II Xl -- X211 iX,,  X2 C X , )  (9) 

where ~7 = const > 0. 
By L(c, ~?) denote the set of functions of L,  for which 

II ~ ( t ,  x,) l l -< c( t  c ( - c o ,  o~), x,  c x , )  (10) 

where c, ~7 > 0 are constants. 
In the present paper integral manifolds for impulsive equation (1), (2) 

with parametrizations of  the set L(c,~?) for given c > 0  and ~?>0 are 
investigated. 

Definition 5. The measurable function a ( s ) : ( - o c ,  oc)~ B, where B is 
an arbitrary Banach space with norm I[. lIB, is called integrably bounded 
(with constant A) if 

1 ft+, s u p -  Ila(s)ll.d~<-A<o~ 
r>O 7' t 

We shall say that the function F(t, x): ((-0% ce)\{tn}) x X -~ X belongs 
to the class K(m, q, M, Q) if F(t, x) is continuously continuable in each 
interval [tn, tn+~] and for x , y ~ X  and t ~ ( ( - o o ,  ce)\{tn}) the following 
estimates are valid: 

IlF(t,x)ll<-m(t), IlF(t,x)-V(t,y)ll<-q(t)llx-yll 

where the functions m(t)>_O and q(t)>-O are integrally bounded with 
constants M and G, respectively. 

We shall say that the couple {F(t,x), I ,(x)} belongs to the class 
/r (rn, q, M, Q) if F(t, x) ~ K(m, q, M, Q) and, moreover, the following esti- 
mates are valid: 

III~(x)ll --- M, IlIo(x)-Io(y)ll<-QIIx-Yll ( n ~ ;  x,y~X) 

3. AUXILIARY LEMMAS 

Lemma 1. Let the following conditions be fulfilled: 
1. Condition H holds. 
2. The spectrum o-(A) of the operator A=A+pL~(I+B)  does not 

intersect the imaginary axis. 
3. The inequality supn~z I[hn I] <oc (hn ~ X, n = 1, 2, 3 , . . .  ) holds. 
Then, if the function f ( t )  is continuous for t ~ tn and at the points 

t = tn it has discontinuities of the first kind and is continuous from the left 



Integral Manifolds for Impulsive Differential Equations 819 

and is integrally bounded, then the impulsive equation 

dx 
dt -ax+f ( t ) ] ,# , , ,  (11) 

x(t,, +0) - x(tn) = Bx(tn) + hn (12) 

has a unique bounded solution x(t) which is given by the formula 

x(t)=I~_oo G( t ' r )  dr+ i=-oo ~ G(t, ti)hi (13) 

where the function G(t, r) has the form 

[_p_ea(t -~)( i+B)[i( , .~  pJ,-~l], t<7. 
G(t, r) = [ P+ eA(t_T)(iq_B)[i(t, rj_Nt_rl], 7-< t (14) 

P+ and P_ are the spectral projectors corresponding to the spectral sets 
cr+(A) and o'_(A)[~r• are the parts of the spectrum o-(A) of the operator 
A lying respectively in the right and left half-planes]. 

The proof of Lemma 1 is a minor modification of the proof of 
Theorem 1 (Bainov et aL, 1988b). 

Remark 1. Under the assumptions made in Lemma 1 there exist con- 
stants K > 0 and 8 > 0 for which the following estimate is valid: 

tlG(t, r)ll<_ ge-<,  ,I, t, r c ( -oo ,  oo) (15) 

Definition 6. The function G(t, r) is called the Green's function of the 
homogeneous impulsive equation 

dx 
dt = Axl,#,,,, Axl, .... = Bx(t . )  

Lemma 2. Let the conditions of Lemma 1 hold. Then for any p > 0 
there exist constants M and Q such that if the couple {F(t, x), I, (x)} belongs 
to the class/~7 (m, q, M, Q), then the impulsive equation (1), (2) has a unique 
solution x(t) lying in the ball So, i.e., 

sup Itx(t)ll -p 
- - ~ C ~ t ~ o O  

Proof Let x(t) be a solution of impulsive equation (1), (2) lying in 
the ball Sp. Then the function F(t, x(t)) is integrally bounded and by Lemma 
1 the solution x(t) of impulsive equation (1), (2) satisfies the equation 

x(t) = I ~176 G(t, r)F(r,  x(r)) dr+ ~ G(t, ti)Ii(x(ti)) (16) 
3-o0 i ~ - - e O  
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Later the proof is carried out by means of the principle of the contracting 
mappings of Banach-Caccioppoli ,  proving in a standard way that if M and 
Q are small enough, then equation (16) has a unique solution which lies 
in the ball S o . 

Let the operator A defined in (4) admit an a decomposition and let 
P1, P2, X1, and X2 be the projectors and the corresponding subspaces of 
X invariant with respect to A defined in Section 2. 

Then, if the integral manifold (8) contains the integral curve (t, x ( t ) )  
and if we set qt( t)= PlX(t) ,  then the following equality is valid: 

x( t )  = ~b(t) + ~p(t, ~b(t)) (17) 

Impulsive equation (1), (2) can be represented as a system of two 
impulsive equations impulsive equations 

t = A~x~ + F~( t, x~ + x2)lt~ ,,, 

(18) 
AXI ..... = B1Xl( tn) q- I ' . (x l (  t . )  + Xe( t . )  ) 

-~t = a2x2 + F2(t, x. + x2)l,.,,, 

(19) 
Ax2],=,,, = B2x2 (t,) + I~ (xl ( t, ) + x2(t,)) 

where xi = Pix, Fi = PiF, B~ = PiB, a~ = P~A, I~, = P~I, (i = 1, 2). 
Let (t, x( t ) )  be an integral curve belonging to an integral manifold with 

parametrization q~(t, Xl) of the set L(c, ~7). Then the functions Xl = qJ(t) = 
P~x(t) and x2 = ~(t, ~0(t)) satisfy the system of impulsive equations (18), 
(19). �9 

Lemma 3 (Daleckii and Krein, 1974). Let the function f :  ( - ~ ,  co) x 
X ~ X be continuous and satisfy the conditions 

II/(t, x)[I-< ml( t )+mo( t ) l lx[ I  

I[f(t, x ) - f ( t ,  y)ll -< m2( t ) i l x -Y l l  

where x, y c X, t c ( - ~ ,  ~) ,  and the functions Mo(t), M~(t), and M2(t) are 
integrally bounded. 

Then for Xo ~ X and t ~ ( - ~ ,  c~) the differential equation 

dx 
- ~ = f ( t , x )  

has a unique solution x( t )  [ t~  ( - ~ , ~ ) ]  satisfying the initial condition 
x(0) = Xo. 
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Lemma 4. Let the following conditions be fulfilled: 
1. Condition H holds. 
2. The operator A = A + p L , ( I  + B) admits an a decomposition. 
3. q~(t, Xl) E L(c, Ti) , {F(t,  x), I,(x)} ~/~(m, q, M, Q). 
Then the impulsive equation 

d0 
- A l ~ b + F l ( t ,  0 + ~p(t, ~b))[,r (20) 

dt 

A0[t=,, ' = Bl~(tn) + I~.(0 + ~o(t, ~))[,=,,, (21) 

has for any xloC X~ fixed a unique solution 0 ( t ) = ~ ( t ,  z, X~oi~P) for which 

�9 (z, ~', Xlo[~) = xlo 

Proof Each integral curve of impulsive equation (20), (21) consists of 
pieces of integral curves of the ordinary equation (20). 

The proof  of Lemma 4 follows from the estimates 

]]F~(t, ~O'+q~(t, th ' ) -F~( t  , q/'+~p(t, 0"))] [ -<q(t ) ( l+r / ) ] [~ ' -0"[]  (22) 

III~(q/+~(t,O'))-I~.(O"+~(t, 6"))l,=,,,[l<-Q(l+~7)[rO'-4/'l[ (23) 

and from Lemma 3. 
Thus, Lemma 4 is proved. �9 

We note that estimates (22) and (23) are valid for the operators F2 and 
12 as well. 

The function 0( t )  can be represented in the form 

~(t)  = ~bl(t , "r)Xloq-j-f ~bl(t , s)FI(S , ~(s)+~o(s, 0(s)))  ds 

+ • (bl(t, 6)II(~b(6)+~(t ,  0(t,))) (24) 
T<t~<t 

where the operator-valued function 

thl(t, s ) =  e A~('-') ( I+B1)  -p('-s)+('s~ (t>_s) (25) 

is the Cauchy evolutionary operator of the homogeneous impulsive equation 

dO 
- A,4,],r (26) 

dt 

A0[,=,, = B10(t.)  (27) 

Denote by Gz(t, z) the Green's function of the homogeneous impulsive 
equation 

dx2 
dt - A2xzl,~,,, (28) 

Ax2[,=,,, = B2x2(t.) (29) 
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Lemrna 5. Let the following conditions be fulfilled: 
1. Condition H holds. 
2. The operator A = A + pLn (I + B) admits an a decomposition. 
3. ~(t, xl) ~ L(c, rl) , {F(t, x), I,(x)} ~ / ( (m,  q, M, Q). 
Then for sufficiently small values of M and Q the function x2(t)= 

~(t, ~(t)) ,  where q,(t) is a solution of the impulsive equation (20), (21), 
satisfies the integral equation 

x2('/" ) = f C~co G2(t, "c)F2(t, tp(t)+x2(t)) dt 

n t- ~ G2(7' , ti)12(t~(ti)-t-x2(ti)) (30) 

The proof  of  Lemma 5 follows from the fact that the spectrum of the 
operator A2 : P2A does not intersect the imaginary axis and from Lemma 2. 

Let xl ~ X1 be a fixed element. For fixed ~" choose such a solution ~b(t) 
of the impulsive equation (20), (21) which is equal to x~ for t = r: 

4, ( t )=~( t ,  r, xal~o) 

Then from (30) for the function q~ (t, xl) the following integrodifferential 
equation is obtained: 

~(r, x~) = az ( r , t )g2 ( t , q~ ( t , r , x~ l~ )+~( t ,~ ( t , r , x~ l~ ) )d t  

c o  

+ Y~ G2(~', ti)l~(V(t,, r ,x~l~)+~(t i ,  V(t~, r,x~(~))) (31) 
i = - - o c )  

The function ~(t, x~)~ L(c, rl) which defines the integral manifold of 
the impulsive equation (1), (2) satisfies equation (31): Conversely, if 
equation (31) has a solution which satisfies conditions (9), (10), then this 
solution defines an integral manifold of the impulsive equation (1), (2) with 
a parametrization 

~(t,  xl) c L(c, r/) 

For further investigations the following lemma is necessary. 

Lemma 6. Let the following inequality be valid: 

I u(t)<- v(s)u(s)as+F(t)+ Z ~,u(r,)+ ~ ~,(t) 
t o to<~'i<2t to<,ri,~t 

where the function u(t) is piecewise continuous with discontinuities of the 
first kind at the points t =~-~ (~'0< ~'1 < " ' ' ,  limn~oo r~ =0o), v(s)>-0 is a 
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locally integrable function, F(t) and a;(t) are nondecreasing functions for 
t r  [to, oe), and c~i(t), fli>-O. 

Then the following estimate is valid: 

[ l ff ] u(t)<_ F(t)+ ~. ai(t) II ( l+/3i )exp v(s) ds 
tO<~i<l  I 0<7 i<I  I..,.1l 0 

Lemma 6 is a trivial consequence of the lemma of Gronwall-Bellman. 
We shall estimate the norm of the Cauchy evolutionary operator ~bl 

[see formula (25)]. Let condition H1 hold. Then for e > 0 the following 
estimate is valid: 

n(l + BO-P(r-s)+i(t's)l[<-d(e) e ~]lL'('+B')lj'lt-sl (t>-s) (32) 

where d(e)> 0 is a constant. 
From (6), (25), and (32) there follows the estimate 

[161(t, s)[[-< NI(E) e a'(e)lt-sl (33) 

where 

~ 1 ( ~ ' )  = 81 + e [I L. (I  + BI)11 (34) 

Nl(e) = Nld(e) (35) 

Lemma 7. Let the conditions of Lemma 5 hold and let the numbers 
6~(e)>0 and N l ( e ) > 0  be defined by (34) and (35). Then the operator- 
valued function W(t, r, xll~) which is a solution of the impulsive equation 
(20), (21) with initial condition tit(r, ~-, Xl[q~) = x, satisfies the inequality 

Hqt(t, r, X(1)]~ (1)) - * ( t ,  % 

-< Nl(e){ Ilx? ) - x%2)ll e Ead~)+"Oll'-~l [1 + QXl(e)]  '(*,') 

+[ f j  q(s) e~a~(~)+~~ e~~ supl[~(l)(S, Xl)-qCe)(s, xe)l[ ds[ 
x i  

+ Z Q ea'(')l'-''l e~~ xl)-~=>(ti, x2)ll] 
" r< t i< t  x I _1 

x [1 + QXl(e)] '(~'')} (36) 

where/30 = N l ( e ) ( l +  r / ) Q ~ 0  as Q ~ 0  and e fixed. 

Proof Introduce the following notations: 

x ~ ' (  t)  = ' v (  t, ~., x~'l,p "~) 
X~2)(t) : *( t ,  r, X~2)lq~(2) ) 

Xl(t) =,t,(t, ~, x~)lr 
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Then from formula (24) it follows that the functions x~l)(t), X~2)(t), and 
xl(t) satisfy, respectively, the equations 

x( t) = 6,( t, z)x]l) + f [ 61(t, s)Fl( s, x(s) + q~(')(s, X(S) ) ) ds 

+ ~ t~l(ti, t)I~(x(ti)+~(1)(ti, X(ti))) 
r < t i < t  

X(t) = r , "r)x~2) + f[ ~b,(t,  s)V,(s, X(S)+ ~(2)(S, X(S))) ds 

+ ~ (al(ti, t)I~(x(t,)+~2)(ti,  x(t,))) 
T(ti<~t 

x(t) = 6,(t, ~)x~ ~) + f l  '~(t' ~)F,(s, x(~)+,~(~)(~, x(~))) d~ 

+ ~ cpl(t,, t)I~(x(ti))+tP(2)(ti, x(ti))) 
7<t i<. l  

Let t-> z. In view of  (33), (22), and (23) we obtain the inequalities 

II x p ) ( t )  - Xl(t)II 

f, <- r s)[FI(S, X~I) ( s ) '~ (1 ) (S ,  X ~ I ) ( s ) ) )  
"r 

- -  F I ( S  , Xl(S) + q~(1)(s, Xl(S)) ) + F l ( S  , Xl(S) + ~o(1)(s, Xl(S)) ) 

- F1(s, x,(s) + q~(2)(s, xl(s)))]  ds 

+ ~, ~)l(ti, t)[l](x~')(ti)+~O(1)(ti ,  x ] l ) ( / i ) ) )  
r < t i < t  

- I~(x l ( t i )  + ~( ')( t i ,  x l ( t i ) ) )  

+ I~(x l ( t i )  + ~( l ) ( t i ,  Xl(t i ) ))  - I~(xt ( t i )  + ~p(2)(ti, x l ( t i ) ) ) ]  

--< N l ( e ) ( 1  + 71) f [  q(s) e ~ ' ( ' ) ( ' - ' )  IIx?)(~)-x,(,)l] d,  

+ N,(e) I t q(s) e a,(~)('-s) supl[qW)(s, x,) - ~p(2)(s, xl)[[ ds 
xl 

+ ~., N l ( e ) ( a + r l ) Q e  ~,(~)('-',) I lxp)(t,)-x,(t,)l l 
~r<ti<t 

+ E N , ( e ) Q e  a' (") ( ' - ' ' )supl l (#( l ) ( t , ,x , ) -~(2)( t , ,  x,)ll 
~ < t i < t  x I 
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Set u(t) = e -~,r Ilx~')(t)-x6t)l[. Then for  the funct ion u(t) we obtain  
the inequal i ty  

f ; u(t)<--Nl(e)(l+rl) q(s)u(s) ds+Nl(e)  q(s) e -~(~)" 

xsupll~')(S, Xl)-~=)(s,x,)ll as+ 2 Nl(e)(l+rl)Qu(ti) 
Xl 7 - < t ~ < t  

+ 2 N,(e)Qe-'A~')supll~p~l)(ti, xO-q~2)(ti, Xa)ll 
- r < t ~ < t  x 1 

L e m m a  6 implies the est imate 

[ I, u(t)<_ Nl(e) q(s) e-~(~)'supllq~(1)(S, Xl)-q~(2)(s, xOl[ ds 
Xl 

E Nl(e)O e -' '~(~) supllq~(t)(ts, x , ) -  ~(2)(ti, Xl)II 1 + 
" r < t i < t  x I A 

[ y ] x [I [l+ON~(e)]exp N , ( e ) ( l + ~ )  q(s) ds 
" r < t i < t  7 

hence 

tt~'t(t, T, x~l)[~9(I) ) -- a'It(t~ '7, X]I)t~0(2))] ] 

<- N~(e) q(s) e~,(~)('-" supll~(1)(s, xO-~/2)(S, Xl)l] dx 
x l  

+ 2 Nl(e)Qe ~'(~)(' '~)sup[[q~(l)(ti, x l ) -  ~o(2)"tt,, Xl)[[t 
~ - % t i ~ t  x 1 J 

x [1 + QN1(e)] ir e N,~)~I+")O~'-') 

<- N~(e) q(s) eE~'(~)+~o ?('-') er supll~l)(s,x~)-q~(2)(s,x~)ll ds 
x! 

+ ~ Nl(e)Qe ~,r eOo(t-')supl[q~(1)(ti, xl)-~(2)(ti, x~)l[I 
"r<t i<s  x I J 

x [1 + QX,(e)] '~'') (37) 

where  flo = N~(e)(1 + r/)Q. 
The case t < ~- is cons idered  analogously .  
For  the express ion II~(t,  r, x~')[~ c = ) ) - ~ ( t ,  ~', x]2)1~2))11 for t -  > r we 

obta in  the est imate 

l ib(t,  r, x~'l~o <2)) - ~ ( t ,  r, x~)l~))ll 
<- Nl(e) e ~'(~)~'-') ]]x~ ~) - x~=)ll[1 + QN,(e)] '<~'') e N,<~)~'+')O<'-~) 

= N, (e ) l lx ]  1) -  x]=)[I e [~d~)+r [1 + QNI(e)] i(,'r) (38) 

The case t < r is cons idered  analogously.  
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Inequality (36) follows from inequalities (37) and (38). 
Lemma 7 is proved. �9 

4. MAIN RESULT 

Theorem 1. Let the following conditions be fulfilled: 
1. Condition H holds. 
2. The operator A = A+pLn(I+ B) admits an c~ decomposition. 
Then for all numbers r > 0 and ~7 > 0 there exist constants Mo and Oo 

depending only on A, p, c, and -q such that if the couple {F(t, x), In(x)} 
belongs to the class /~(m, q, M, Q) for 0 <  Q < Qo, 0 <  M < Mo, then the 
impulsive equation (1), (2) has an integral manifold with a parametrization 
of the set L(c, ~7). 

Proof First we note that the conditions of Theorem 1 imply the validity 
of Lemmas 4, 5, and 7. We shall estimate the norm of the Green's function 
of the homogeneous equation (28), (29): 

Gz(t, r) ~ - P f  e Aa(t-') ( I  + B2) [/(t'') pkt-~l], t < r (39) 
=1. P~- e A2('-') (I+B2) u('')-pI'-'I1, t> r 

where the projectors P2 and P~ were defined in the formulation of 
estimate (7). 

Condition HI and formula (39) imply the inequalities 

]] (I + B2) E'('')-pI'-'I] ][ -< d2(e) e ~ tl L,,(,+ B,)II I,--I (40) 

II o2(t, 7)11-< N2(~) e -~2(~)1'-'1 (41) 

where d2(e)> 0 is some constant, 

82(~) -- 8 2 -  ~ II L.  ( I  + 82)[I (42) 

N2(e) = Nzd2(e) (43) 

From condition H1 it follows that for any e > 0 the estimate 

i(t, r)<-e(e)+(p+ e)[t-r] (44) 

is valid, where e(e)-> 0 is some constant. 
Set 

8o(e) -- (p + e) ln[1 + QN,(e)] (45) 

Ro(e) = [1 + QN~(e)] c(~l (46) 
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Then the following inequality holds: 

[1 + QNI(  e ) ] i(t,~) < Rq(  e ) e~o(~)l,-~l 

Set 
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(47) 

a o ( ~ )  = a2(e)  - a , ( e )  - ao (e )  - ~ o  
(48) 

flQ = Nl(e)(1 + "q)Q 

Then the following equality is valid: 

ao(e)  = [62-  a l -  e IlL. ( I  + B, ) I I -  e I[L.(I + BglI] 

+ ( p + e ) l n [ l + Q N , ( e ) ] - N , ( e ) ( l + 7 1 ) Q  (49) 

By the choice of 61, 62 [see (5)-(7)] we have 61 < 62, hence we can 
choose e > 0 such that 

6 2 - -  61 
0 < e < IIL.(I + B1)]I + ILL.(/+ B=)II (50) 

From equality (49) it follows that there exists a number Q1 > 0 depend- 
ing on e such that for all Q: 0 <  Q <  Q] the following inequality holds: 

6 Q ( e ) > 0  (51) 

Consider the Banach space E consisting of all functions 
q~(t, Xl) : ( - ~ ,  00) • X~ ~ X2 which are continuous for t # tn, at t = tn have 
discontinuities of the first kind, are continuous from the left with respect 
to t, and are bounded on (-oo, 0o)• X~ with a norm 

II1~111 = sup  ]1 ~( / ,  x,)[] (52) 
t , x i  

The set L(e, rl) introduced in Section 2 is closed in E. We shall show 
that there exist constants M0> 0 and Qo> 0 such that for all M, Q: 0 <  M < 
Mo, 0 < Q < Qo, the operator S defined by the formula S~0 = if, where 

~(t, x,) = f_~176 G2(% t)F2(t, ~(t ,  ~', x, lq~ ) + ~p(t, air(t, % x,l~))) dt 

oo 

+ S, 02(~',ti)Ii(qt(ti ,~,x~[~)+q~(t,W(t,~,xd~o))) (53) 
i ~ - - oO  

map the set L(c, 7) into itself, is contracting, and hence it has in it exactly 
one fixed point g,(t, xO. 
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First we shall show that for small values of M the function ff satisfies 
condition (10), i.e., II1~[11---co Indeed, estimate (41) implies the inequality 

I [ (~( t ' r ) l l<-N2(e){ f~  e-a2(~)l t -~lm(t)dt+M i=-~ e-a(e)lt-t'l} 

From condition H1 it follows that there exists such a number 1 > 0 that 

~i(t, t+l) I 1 P < 1, t e ( - ~ ,  oo) (54) 

i.e., any interval of length l contains not more than (p + 1)/points  of the 
sequence {t,}. Set 

2 ( p + l ) /  2e' 
K ( t ) -  l _ e _ a ,  H ( t ) - l _ e _  ' ( t > 0 )  (55) 

Since ~2(e)> 0 [see (50)], then 

e_a2(~)lt_ti I 
i = -- cx3 

<<- ~ ~ e-a2 (e)lt-tiL 
k = - o o  t + k l < t i < t + ( k + l ) l  

< - 2 ( p + l ) l  e_Ja2(~) t 2 ( p + l ) l  
o - 1 - e -a2(~)' = K[82(e)] (56) 

Let ko < T-< ko+ 1. Then the following inequalities are valid: 

r e  a2(e)(t-r) m(t)  dt 

ko+l f k 
<-- Y, e a~(~('-~ re(t) dt 

k=--oo k - 1  

ko+ 1 ~ k 0 
~, ea2 (~)(k-~') J m(t)  dt<-Mea:(~)(g~ eka2 (~) 

k=--co k -1  k=-oo  

e a2(e) M 
<-Ml_e_a~(~ ~ - H[82(e)] (57) 

Analogously, the following inequality is proved: 

f f  ea2(~)(~-~ m(t) dt<_MH[t~2(e)] 

From the above inequality and inequality (57) we obtain the inequality 

[o~ e -'~'~1'-~1 dt < - MH[a2(e)]  (58) 
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From inequalities (53), (56) and (58), there follows the inequality 

II ~(t, r -< N2(s)TH[g2(e)] + K[62(e)]}M (59) 

Hence for all M c (0, Mo) where 

g 

Mo - (60) 
N2(e){H[82(e)] + K[62(s)]} 

the function ~(t, Xl) satisfies condition (10). 
From (41), (53), (47), (51), (56), (58), and Lemma 7 there follow the 

estimates 

II '~ (~, x~ '~) - '~ (~, x~'l l  

<-N2(e)(l+w){f~ q(t )e  -~2(~)lt-~l 

• II'I'(t, ~', x%~>l,p)-at(t, ~-, x%~)l,p)ll dr+ ~ Qe -~2(~)jt,-~'l 
i=--oO 

• IIq'(t,, ~', x ~ 1 % ) - ~ ( t ,  ~-, x~)l~)ll}  

_< ~(~ ) .  +,, ){ I ~  q~ ~ e-~"'-~' ~1(~ )llx~ '' -x~'ll e[ al(e )+3o]lt-~[ 

•  i(~'') dt+ ~ Qe ~(~l',-~lS~(~)llx~'-x~2ql 
i = - - c ~  

x et~,(~)+~J~m~l[1 + QNI(e)] ~ '~  

x RQ(e) e ~o(~)1'-~1 dt+ ~ Qe E~2(~)+~,(~)+~oJl'-~l 
i = - - c ~  

x RQ(e) e %(~)1''-~1} " 

<<-N2(e)N,(e)(l+~t)[]x~l)--x~2)[I q(t) 
o ~  

>( e -60(e)rt-TI dt + Q i=-oo~ 8-'50[ti-r[} 

<- N2( e ) flo{ H[ 6o( e ) ] + K[ ~o( e ) ]} [lx~ 1)- x~2)11 (61) 
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Estimate (41) and Lemma 7 imply the estimates 

tl'~lO-, x a ) -  ~2(r, xOII 

_< N2(e) f~e-~(~)"-~'llF2(t, ~( t ,  z, x,l~p,)+ ~Pl(t, xI~(/, 'T, X l ] ~ l ) ) )  

- F2(t, xtt(t, % x,[~p2) + ~p2(t, xlt(t, r , ,  Xll,P2)))[I dt 
oo 

+ N2(e) ~ e-~(~)l~'-~l[lI~(W(t~, r ,x , l~)  
i = - - o O  

+ qh(ti, xtt(ti, r, x,[~l)) ) - - I Z i ( ~ ( t l ,  z, x11~o2) 

+~2(t,, ~(t,, z, x,[~x)))l] 

<- N2(e) I~_oo 
e-~2(~)lt-~-] 

• [ Wl ( t )+  W2(t)]q(t) dt+N2(e) 

• W2(ti)]Q 

where 

We 

C~3 
e -a2(~)lt~-rl 

i=--oo 

Wl(t) = W ( t ,  ~, Xll~Oa) - ~ ( t ,  ~-, x11~2)11 

w 2 ( t )  = II~,(t, ~ ( t ,  ~, x , l~ , ) )  - ~=(t, xtt(t, % x,l~z))ll 

shall consider the case t>-z (the case t < r  is 
analogously).  
inequalities 

Set 

From Lemma 7 for the function Wl(t) we 

s  

Wl(t)<- N,(e) J. q(s) e ~'(''('-s' e t%''-~l ds lll~l- 9~2H1 

x Ro(e) e~~ Ni(e) E Q e~'(~)l'-'l 
-s 

<- N , (  e ) R o (  e )lll~, - ~lll et i~~176 

x { f ; q ( s )  e~,(~)('-S)ds+O y e~,(~)'t-t, I} 

e z e tz 

L ( Z l - e ~ _ l  (z>O) ;  P(z)=(p+l)le~--~_ 1 ( z>O)  

Bainov et al. 

(62) 

considered 
obtain the 

(63) 

(64) 
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Let t = z + k + w  (0-< w < l). Then 

q ( s )  e ~'(~)('-~) ds <- q ( s )  e 8'(~)('-~) ds 

f r+ i+ l  
<- e ~,(~)(' " i )q(s)  ds 

i=0 d r+i 

k 
<-- ~ Q e'Sl(e)w'sl (e)(k-i) 

i=o 

<-- Q e ~,(e)w e 61(e)(k+l) eade) 
e ~ ' (~)-  1 - Q ~  eS'(~)('- ') 
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= Q L [ ~ I ( e ) ]  e ~'(~)('-~) (65) 

Let 1 > 0 be the number defined by (54) and let t = r + ml  5- 0 (0 <- 0 < 1). 
Then in view of (54) we obtain 

~, e~l(e)lt-ti [ < ~ ~ e 61(e)lt-ti] 
r<.ti<.t j=o  .r+jl<_ti.<~+(j+l)l 

e 61(e)(m+l)l- 1 
<_ ( p + l ) l e ~ , ( ~ ) f l : ( p + l ) l  e~,(~)t_ 1 

j=O 

e,~ ~ ( e )l 
<-- ( p + l ) l e~ , (~) t_  1 eS'(~)(mt+~ = p[  ~l(  e ) ] e ~(~)(t-~') (66) 

From (63), (65), and (66) there follows the estimate 

Wl(t) --< N I ( e ) R o ( e ) I I [ ~ ,  - r + PE6, (e ) ] ]  e[~'(~)+~o(~)+~o llt-~r (67) 

For Wz(t) the following estimate is valid: 

w=(t)---111~1 - ~=111 + ,7 w ,  (68)  

Then from (62), (67), (56), and (68) we obtain 

I I~ , (~ lx , ) - r  N 2 ( e )  f~o~ e-82(~)tt-~lq(t) 

x ( w ,  ( t ) + lll~, - q~2lll + n w ,  ( t ) ) + N2(  e ) Q ~ e -~(~)1''-~1 
i=--cx3 

+ Q N I ( e ) R o ( e ) [ L ( 8 , ( e )  ] + P[81 (e ) ) ]  
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• -<lll ,- 2JllO 
i = - - c O  

-< [[1~o, - ~21iiQ{N2(e)[H[~2(e)] + g [~2(e)]] + S~(e)go(e )  

x[L(~ l (e ) )+  P(~l(e))]Ro(e)[H[~o(e)]+ K[~3e(e)]]} (69) 

where the functions L(z), P(z), H(t) ,  and K(t )  are defined in (64) and 
(55) and continuous for z > 0 and for t > 0, respectively. 

From equality (49) and inequality (50), it follows that 

lim tSo(e ) = t52-6~-e] lL, ( I+B1)][-  e[ILo(I+ B=)II > 0  
QoO 

lim RQ( e ) = 1 
Q~O 

From (34), (50), and (51), there follow the inequalities 61(e)>0, 
~52(e) > 0, and tSQ(e) > 0, whence in view of inequalities (59), (61), and (68), 
there follows the existence of such a number Qo > 0 that for 0 < M < Mo, 
0 <  Q <  Qo the operator ~ = S~ is contracting in the set L(c, ~). From the 
theorem of Banach-Cacciopoli, it follows that this operator has a unique 
fixed point which is a solution of the equation ~ = S~. We shall stress that 
the choice of the numbers Mo and Qo depends on the concrete choice of 
the number E in inequality (50). 

It remains to show that the integral manifold constructed contains each 
solution x(t)  of the impulsive equation (1), (2) for which for t c  (-oo, oo) 
the following inequality is valid: 

IIP2x(t)ll <- c (70) 

Let x(t)  be a solution of the impulsive equation (1), (2) which satisfies 
inequality (69) and let t)( t)=P~x(t) ,  X( t) = P2x( t). The function 
(4'(t), X(t)) is a solution of the system of equations 

- A,t) + F,(t, tp(t) + x(t))l,~,,, 
dt 

A~blt=t, ' = B,t#( t.) + I~(tp( t.) + X( t.) ) 

x (  t) = t, * ( s ) + x ( , ) )  
(71) 

+ ~ Gz(t,, t)I,(tp(tl)+x(t,))  
i = - -  o c )  

System (70) has a unique solution which satisfies the condition ]IX(t)]1 -< 
c [ t c ( - o o ,  oe)]. The proof of this fact is carried out by means of the 
techniques applied above. 
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Let ~01(t) be a so lu t ion  o f  equa t ion  (20) with ini t ia l  cond i t ion  qJl(to) = 
~O(to) and  let X ~ ( t ) = ~ ( t , ~ b l ( t ) )  ( - ~ < t < ~ ) .  Then  the func t ion  
(~O~(t),Xl(t)) also satisfies system (70). Hence  tp(t)=-~b~(t) and  X ( t ) =  
~( t ,  ~O(t)) ( - ~ < t < ~ ) ,  i.e., the  so lu t ion  cons ide red  lies in the in tegral  
m a n i f o l d  M with a pa r ame t r i z a t i on  q~(t, Xl) o f  the set L(c,  '1). 

T h e o r e m  1 is p roved .  �9 

5. C O N C L U S I O N  

The results  o f  the  p resen t  p a p e r  can be ex t ended  in a s t anda rd  way  to 
impuls ive  equa t ions  with a l inear  o p e r a t o r  A d e p e n d i n g  on t. 

By means  o f  t echniques  ana l agous  to the one a p p l i e d  in this p a p e r  a 
t heo rem o f  the  exis tence  o f  in tegra l  man i fo lds  b o u n d e d  for  t -~ + ~  or  t ~ - ~  
o f  the impuls ive  equa t ion  (1), (2) can be  p roved  in the case when  the 
spec t rum of  the  l inear  o p e r a t o r  o f  this  equa t ion  has poin ts  lying in a 
n e i g h b o r h o o d  o f  the imag ina ry  axis. 
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